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FOREWORD on the dynamics of fishes in 
the adriatic sea and Volterra’s model



Vito Volterra (1860-1940)

• In 1926 Volterra published a fundamantal 
work (parallel to a paper of Alfred Lotka): 
“Variazioni e fluttuazioni del numero d’ 
individui in specie animali conviventi” individui in specie animali conviventi” 
based on observations of fishery in the 
adriatic sea.

• This is one of the first models describing 
the dynamics of populations. We will 
present here a a different stochastic model 
inspired by Volterra’s work.



Verhulst-Pearl and Lotka-Volterra for 
populations  
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Analytical sol known shows growths and saturation 
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For n=2 Lotka-Volterra, for n=3 Lorenz as a special case.
In general many possibilities including growth, decay, 
competition, selection, CHAOS, evolution

Here we follow a different route, we assume that CHAOS-
randomness is intrinsic, is added to the diff eqs
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1. From Brown to Einstein-Smoluchowski
Robert Brown 1773-1858

Perrin:mastix-particles in water obs every 30s

Perrin Brown



An open problem: How Brownian 
dynamics is related to the 2nd law



and how BM is related to STATPHYS   

L. Boltzmann             J.W. Gibbs





EINSTEIN: Annalen 17, 549 (1905)



Smoluchowski’s contribution
Lviv/Lemberg 1900-13, Krakow 1913-17

• 1904 theory of thermodyn fluctuations
• 1906 Smoluchowski equation : pde for 

distribution functions  (Kac: “more direct, 
simpler and thus more convincing than simpler and thus more convincing than 
E.”), influence of external forcesacting on 
molecules,

• understood the relation between microscopic 
motion and second law of thermodynamics



Einstein/Smoluchowski about the relation BM-2nd law

• Einstein Ann..Physik, Band 17 (1905) 549-560: “In 
dieser Arbeit soll gezeigt werden, daß .... 
suspendierte Teilchen von mikroskopischer Größe ... 
Bewegungen ausführen müssen, ... die leicht .. Bewegungen ausführen müssen, ... die leicht .. 
nachgewiesen werden können..... , so ist die
klass.TD für mikr. Räume nicht mehr ..gültig, ...”

• Smoluchowki: constructs examples for micros-
copic violation of 2nd law, (“limits of validity of 
2nd law”) the ratchet concept, developes the 
theory of fluctuations and recurrence time



Experimental work checking the 
Einstein-Smoluchowski predictions 

• Svedberg, Siedentopf, Gouy: 
the theory describes Brownian 
motion correctly!

• Perrin : systematic,quantitative, • Perrin : systematic,quantitative, 
exp. investigations, msd, 
Avogadro-number, Planck’s 
constant, Nobel price

Perrin



Smoluchowki eq for free motion = diffusion 
equation (diffusion constant D_r)
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• Langevin : stochastic diffeq. with noise source 
(‘100x more simple than E.’),

• Fokker : Diss (U Zürich) + letter to Annalen,                        

2. Further development of the BM-
theory in 20th century

p.d.e. for distrib-function in phase space,
• Planck : derivation + generalization,
• Klein/Kramers : general form of FPE,
• Uhlenbeck/Ornstein/Debye/  Onsager/ 

Falkenhagen : studied special stochastic 
processes (ions, ionpairs, dipole molecules)



Langevin equation for Brownian motion  
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friction function = const for normal motion
source of noise = white noise (delta correlated)
D - strength of noise 



Fokker,1914; Planck,1917



The Fokker-Planck equation for free 
particles with friction 

for gamma=const, q=0: Maxwell distribution



Relative diffusional motion:
Pair correlation functions

• M. von Smoluchowski: “Versuch einer mathe-
matischen Theory der Koagulationskinetik 
kolloidaler Losungen”,                                       
Z. physikal. Chemie 92,129-135 (1917)  Z. physikal. Chemie 92,129-135 (1917)  

• here Smoluchowski considered the relative 
motion of particles and presented new solutions

• this work led to the stochastic theory of absorber 
problems, of ion pairs,  and finally to the modern 
theory of diffusion-controlled reactions



Debye/Hückel/Onsager/Falkenhagen:
ionic pair correlation functions

• Debye/Hückel formulated Smolu-eqs for pair 
correlation functions, presented solutions 
including Coulomb interactions, measurable 
effects on electrolytic conductance,effects on electrolytic conductance,

• Onsager corrected an error (symmetry), 
generalization, TD of irreversible processes

• Falkenhagen found time-dependent solutions, 
frequency-dep conductance and shear viscosity

• 60s: Kadomtsev/Klimontovich/Eb: appl to 
plasmas



3. Mathematical and statistical 
foundation

• A.A. Markov 1905-22: developed the 
theory of M-chains, M-processes,

• the theory was generalized and further 
developed by Chapman and Kolmogorov to developed by Chapman and Kolmogorov to 
the modern theory of stochastic processes,

• Kolmogorov/Petrovskii/Piscounov (1937): 
Etude de l eq. diff. avec croissance de la 
matiere et son application a un problem 
biologique



Statistical-mechanical derivation

• Kinetic theory of gases: Enskog/Chapman

• molecular distribution functions BBGKY

• method of projection operators Zwanzig
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First applications of Zwanzig meth to derive Smoluch eq:
Falkenhagen/Eb.:Phys.Lett.15(1965);Ann.Phys.16(1965)
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4. Generalization to selfpropelled  
(active) Brownian motion

• Dynamic theory of active osc/circuits: 
Helmholtz : “Tonempfindungen”, Rayleigh : 
“Theory of Sound”,v.d.Pol , Andronov.

• Stratonovich :  Stochastic theory of • Stratonovich :  Stochastic theory of 
driven/active oscill/circuits, 

• Klimontovich : Statistical physics of open 
systems/active motion, concept of nonlin.BM,

• Transition from driven oscill/circuits to systems 
of many interacting driven particles                        
--> theory of selfpropelled motion



Ruslan L. Stratonovich, 31.05.1930 - 13.01.1997



Yuri Lvovich
Klimontovich

*28.09.1924
+27.11.2002
solved FPE 
treated many 
special 
problems problems 



The dissipative nonlinear  force



Particles in traps........................................                     
with lasercooling ......................................

Pohl et al.



birds above the Spree river
k

coherent translation

Ants rotating around a center of motion and two 
leading researches rotating around the ants



rotation modes of fishes



5. Fokker-Planck equations for self-
propelled Brownian motion  
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friction function with negative part for small velocity



Our model: particles with energy depot and ‘engine’ (SET)



The Fokker-Planck equation for free 
particles with velocity-dep friction









Smoluchowki eq for free motion (spatial diffusion 
D_r strongly increases with driving strength)
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6. Active diffusion in external fields 
( forcing, chemotactic gradients,..) 
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Parabolic confinement by parabolic 
wells or chemotactic hills

• Normal BM:
• Boltzmann disfunc =  

centered around 
minimum of potential

• Active BM: right + left 
limit cycle rotation

minimum of potential
• Active BM: force equ.             
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10000 active particles in parabolic well (Tilch)

Swaest1.gif



clock-wise and counter-clockwise 
limit cycles in x-y-v_y space



7. Collective motions 
including interactions 

negative friction at small velocities
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Stochastic bifurcations: translational --> rotational modes

translational mode

Erdmann/E/Mikhailov (PRE, 71, 051904 (2005))



Mikhailov/Zanette (1D)+Erdmann/E./Mikhailov (2D): 
increasing noise induces a phase transition to rot:

translation comes to stop --> 
1D:osc mode,  2D: rotational mode



ABM with Morse- Coulomb 
and Oseen interactions

(Morse 1928; minimum (-D) at r = sigma; )

Morse potential (shape similar to Lennard-Jones)
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rotating cluster of Morse particles: 
bistability of L



Hydrodynamic interactions 
(Stokes Oseen)

uu
rr

R
r

rr
δv −




 +=∆ )(
4

3
)( 02

Velocity creatd by a moving sphere:

j

ij

ijij

ij
ij

rr
r v

rr
δv ⊗+= ][)( 2

ζ

Oseen: parallel and radial components of induced

flow of particles located at distance r

Effect of parallelization of motion



Simulation of ABM in a parabolic well with Oseen int.



Charged grains in dusty plasmas with Coulomb 
repulsion (with Dunkel/Trigger)

+



Examples: Dusty plasmas   
(Melzer et al. PRL 2001)
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Conclusions
• The model of BM due to Einstein & Smolu-

chowski is still source of important applications,
• exist many generalizations and applications, 
• a new direction the theory of  BM is based on 

the idea of ‘self -propelled motion (negative the idea of ‘self -propelled motion (negative 
friction / active forces)’ .

• new phenomena are rotations (centrifugal 
forces) in external fields, bifurcations, several 
modes of collective motion (coll transl. rotat.),

• hydrodynamic effects lead to parallelization 
• new appl to physics /biology /social agents ?



8. Outlook on evolution as hill climbing 
(Wright/Fisher) Brownian motion



Landscape with 2 hills



Simulation of transitions of agents to a new 
state with higher value



transitions of agents betwee 3 maxima 

3max46.exe



Real Evo-landscapes may have many 
extrema, structure unknown. Models:

• 1. Ratchets (saw tooth - potentials)

• 2. Landscapes with randomly distr extrema   



Evolution of networks of agents 
(illustration by Erdmann)
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Thanks you for attention 

Please look for references, reprints etc. at

www.werner-ebeling.de,

summa.physik.hu-berlin.de/tsd

th-www.if.uj.edu.pl/stattherm

contact by email: werner_ebeling@web.de


