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Abstract: A 2-D computer simulation of a coaxial plasma device depending on the conservation equations of elec-
trons, ions and excited atoms together with the Poisson equation for a plasma gun is carried out. Some
characteristics of the plasma focus device (PF) such as critical wave numbers ac and voltages Uc in the
cases of various pressures P are estimated in order to satisfy the necessary conditions of traveling particle
densities (i.e. plasma patterns) via a linear analysis. Oscillatory solutions are characterized by a nonzero
imaginary part of the growth rate =(σ ) for all cases. The model also predicts the minimal voltage ranges of
the system for certain pressure intervals.
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1. Introduction

A plasma focus (PF) device is one of the well-known de-vices known as plasma guns, which consists of one anodeand several cathode bars surrounding it in a cylindricalgeometry [1, 2]. When the spark gap is activated, a capaci-tor with a series connection to the PF provides a sufficientelectrical energy in order to initiate a breakdown betweenthe anode and cathode space under a suitable gas pres-
∗E-mail: ekurt52tr@yahoo.com

sure. The dynamics of a PF consists mainly of three in-dividual phases just after the electrical current starts topass through the spark gap. Among them the initial phaseis responsible for the breakdown and the first formation ofthe current sheath just above the insulator on the centralelectrode [2–4]. The second one is the acceleration phasewhich pushes the sheath towards the open end of anodeby the Lorentz force [5]. The last phase of the dischargeis the collapse of the current sheaths in front of the anodetip [2, 6]. Yields such as neutrons, charged particles andions as well as intense radiation are emitted in this laststage [1].Previous studies have shown that pinch formulation and
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the corresponding plasma acceleration are strongly re-lated to the initial stages of discharges [7–9]. An opti-mal PF operation and maximal yield depend on previ-ous plasma stages of a focus. Thus, perfect determina-tion of the initial stages of the plasma dynamics is im-portant for the estimation of optimal working conditions.In this framework, the question “whether the pressure andthe critical breakdown voltage are in the optimal ranges”comes to the forefront. At this point, the aim should bethe identification of plasma patterns as functions of theaforementioned system parameters. The plasma stability,namely, the linear stability analysis, which sketches out acriterion on the formation of the potential and the islandsof electrons, ions and excited atoms between the elec-trodes plays an important role. In addition, the plasmamay show some different characters due to stability con-ditions. Frequently, a sudden onset, burst of energy, mo-mentum and particles across magnetic surfaces and anavalanche character are observed in different variations ofthe system parameters.
In order to enhance the efficiency of the yields in PFdevices, a number of studies have been realized by fo-cusing on the different physical properties of the devices;for instance the insulator length, insulating material, anddistances between the electrodes [7, 8, 10]. In addition tothose researches, there also exist different mhd modelingstudies in the literature [4, 11–13]. However, the afore-mentioned studies did not handle the linear stability anal-ysis which describes the required system parameters forthe formation of plasma sheath inside the inter-electrodearea in terms of so-called Paschen curves. Another im-portant motivation in this paper is as follows: PF exper-iments have shown that there exist a certain mass lossin the inter-electrode region during the axial phase. In atypical experiment, at least 20− 40% of the initial mass ofthe current sheath which is generated in the breakdownphase is lost [14–16]. In other words, a certain numberof electrons and ions always escape from the spaces be-tween the cathode rods while the plasma sheath moves. Inorder to compensate the losses of ions and electrons, onehas to accept a continuous ionization process which coversalso the axial phase. Otherwise the system can not leadto higher particle densities due to the insufficient num-bers of electrons and ions. This reality forces us to usethe mechanism of breakdown in the axial phase. In otherwords, ionization and diffusion mechanisms should also beapplied to the axial phase as in the breakdown phase [17].The voltage drop in the breakdown phase, which generallyoccurs for 100-500 nanoseconds in real focus experimentsis considered to be very low, so one can also use the ini-tial voltage value U for the axial phase. In the light ofthese preliminary initial ideas, a linear stability analysis

Figure 1. Schematic representation of a plasma focus system.
Plasma pattern moves through the tip of electrodes in the
axial phase.

is carried out to construct the threshold in PF devices inthe axial phase. To our knowledge, there exists no suf-ficient stability analysis in the literature for PF devices.The analysis is realized via a computer simulation of theplasma patterns at the acceleration phase in the coaxialelectrode system Fig. 1. In the model, we only use the ba-sic concepts of conservation equations for electrons, ionsand excited atoms.
2. Theoretical description of prob-
lem
Initially, we assume a coaxial electrode system as inFig. 1. When the spark gap is short-cut, a current flowsthrough the electrodes from the capacitor bank, which hasa voltage U . After the breakdown phase which occursjust above the insulator sleeve on the anode, the currentsheath moves into the inter-electrode space to the right ofthe radial axis “r”. The plasma dynamics basically in thisarea is considered for the numerical simulation and thelower and upper boundaries are assumed to be “r = r0”and “r = r1” for the numerical process.From a theoretical point of view, we consider the parti-cle conservation equations for electrons, ions and excitedatoms. In this manner, the corresponding equations canbe written as follows:

∂Ne

∂t +∇ · (Ne ~ue) = Q+
e +Q−e +De∇2Ne,

∂Ni

∂t +∇ · (Ni ~ui) = Q+
i +Q−i +Di∇2Ni, (1)

∂Na

∂t = Q+
a +Q−a +Da∇2Na.

Here, N indicates the number density of correspondingparticles, and ~u gives the drift velocity. D is the diffusioncoefficient and it is frequently considered as unity (i.e
D = 1) in this analysis since diffusion term is assumed
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to contribute the dynamics effectively. Moreover different
D values can easily be adopted to the model dependingon gas media. In the case of produced and lost particlesper unit volume, Q+ and Q− are used respectively. Thereexist various forms for source terms in literature. Sincewe consider the plasma pattern as a complex and nonlin-ear structure, Q+ and Q− can be determined as αN and
−1/3βN3 (see in [18, 19]). Meanwhile we only deal withthe linear analysis in this study, we do not take into ac-count the term Q−, which includes a higher order of N.The subscripts e, i and a refer to electrons, ions and ex-cited atoms respectively. The conservation equations (1)are coupled with the Poisson equation,

∇2φ = 4π
ε e(Ni −Ne), (2)

which gives the relation between the particle densitiesand the electrical potential function.According to the linear stability analysis, the task is firstto find out the threshold values which satisfy the followingexpressions:
C ddt V (~x, t) = LV (~x, t),

L = A+ α(U,P) · B , (3)
where the symbolic vector V (~x, t) = (N) = (Ne, Ni, Na)represents the quantities in Equations (1-2). Moreover,
~V (~x, t) ≡ 0 corresponds to the ground state includingspace and time dimensions. The operators C, L, A and
B are linear differential operators. We have the quantity
α(U,P) in Eq. (3) for the explicit form of the linear opera-tor L and it will be described later in detail. For now, weonly state that α is an empirical quantity which is a func-tion of voltage U and filling gas pressure P. Ionizationmostly occurs near the electrodes. In this sense, the par-ticle densities can be taken as unity at the boundaries.In the case of the electrical potential, a finite potentialexists at the boundaries due to the voltage difference be-tween the electrodes. In the light of this information, thefollowing boundary conditions can be stated:

N = 1 and ∂N
∂r = 0 at r = r0 and r = r1, (4)

φ = φ0 = U at r = r0 and φ = 0 at r = r1.
The solution ansatz the for density functions and potentialcan be given as,

V (~x, t) = V (r, z, t) = Ṽ (r)e(iaz+σt)
= Ṽ (r)ei(az+=(σ )t)e<(σ )t ,

φ(~x) = φ(r, z) = φ̃(r)ei(az+=(σ )t)e<(σ )t ,
(5)

where Ṽ (r) is the general form for the functions
Ñe(r), Ñi(r), Ña(r). The functions are solved numericallythrough the fourth order Runge-Kutta shooting methodsubject to the boundary conditions given in Eq. (4). Fromthe numerical point, effective computer routines are avail-able in order to solve this eigenvalue problem (see in [20]).In Eq. (5), the quantity “a” in the exponential expression isnothing other than the wave number of the inter-electrodeplasma pattern along the “z” direction. The growth rateis indicated by σ in the time dimension. After putting theansatz (Eq. (5)) in Equations (1-2), a linear eigenvalueproblem is obtained as follows:
σ [a, α(U,P)] CVlin(a, z) = {A + α(U,P) B} Vlin(a, z),(6)where Vlin indicates the linear vector fields. A detailedform of the linear eigenvalue problem can be rewritten as

σ

 Ñe

Ñi

Ña

 = D
(1
r
∂
∂r + ∂2

∂r2 − a2) 1 0 00 1 00 0 1

 Ñe

Ñi

Ña


+ α

 Ñe

Ñi

Ña

 .

(7)
In the case of Poisson’s equation, Eq. (2) can be writtenas follows by the boundary conditions in Eq. (4):(1

r
∂
∂r + ∂2

∂r2 − a2) φ̃+ 4π
ε e

(
Ñe − Ñi

) = 0. (8)
The condition that the maximal real part of σ vanishes (i.e.
< [σ (a, α(U,P))] = 0), a neutral curve (i.e. linear stabilitycurve in order to satisfy the conditions for the generationof a plasma pattern) is determined at Uc . The minimalvalue of U with respect to a yields the critical wave num-ber ac . Thus, the critical wave number ac satisfies thecritical voltage Uc = U0(ac) for a given gas pressure. Inorder to gain more information about the concept of linearstability analysis, we refer to [20, 21].In the literature, the empirical formula α(U,P) is fre-quently used to identify the relation between the voltageand pressure in the electrical discharge studies of variousplasma systems [22, 23]. The explicit form of the α controlparameter is a function of the voltage U and pressure Pvariables,

α (U,P) = AP exp(BPdU
)
, (9)

depending on the geometry of the model. In Eq. (1), thesource term Q+ includes α(U,P) and defines a condition
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for the generation of particles as stated before. This for-mula was empirically determined by Lozanckij et al. [24]and used in some previous studies such as [17, 22, 23].Here P is the PF pressure in units of Pascals (Pa) and
U is voltage in Volts. The radial distance between theanode and cathode is indicated by d and it has a valueof d = 2.5 cm in our simulation. A and B are constantsfor given conditions and a more detailed determination ofthese empirical constants can be found in [25]. For thisstudy, we use the values A = 1, B = 1000 and B = 3000in our units. The drift velocity for electrons is given by
~ue = µe∇φ, however we do not take into account thisterm since it is not a linear one. The electron mobility
µe = e/meνea consists of electron charge, electron massand the electron-atom collision rate. In the physical frame,we assume that electrons are emitted from the cathode bythe incidence of positive ions. The anode surface is as-sumed to be perfectly absorbing.From the physical point of view, when a large voltagepulse between the electrodes is realized, this leads to ac-celeration of electrons at the end of ionization process.However it is important to obtain definite information onthe starting point of the scenario which triggers the above-mentioned processes. It has been proven that it is possi-ble to obtain analytical solutions of discharge breakdownmodels in cylindrical geometry for very low current den-sities [17]. In the case of higher voltages and currents,ionization coefficients render nonlinear equations and nu-merical procedures could be applied for a complete pictureof the system. Even without the nonlinear terms, a numer-ical approach can give a more realistic description thananalytical studies. In this framework some limited aspectsof discharges were studied by [26] and it can not be gen-eralized to a PF system. In addition, the authors assumeda parallel plane scheme in their model.
3. Results and discussion

The simulations are carried out for the inter-electrodearea of a PF, which is sketched out in Fig. 1. The differ-ence between the radius of the inner and outer electrodesare assumed to be d = 0.025 m. We assume any gas withvarying pressures to determine the linear analysis for thisstudy. However a special gas type can easily be adoptedto the model depending on the material characteristics. Inour study, the maximum charging voltage is considered tobe U = 16 kV and a wide range of voltages and pressurevalues are investigated.According to the simulations, the onset of breakdown isfound to be oscillatory for all cases. Note that the os-cillatory case is defined by =[σ (ac, α(Uc, P) )] 6= 0. This

Figure 2. From top to bottom, contours of potential function, elec-
tron, ion and excited atom densities for diffusion coeffi-
cient D = 1, voltage U = 7.727 kV, wave number a = 4.0,
B = 1000 and P = 200 Pa (=(σ ) = 0.013). The contour
values decrease from white to black color.

Figure 3. From top to bottom, contours of potential function, elec-
tron, ion and excited atom densities for diffusion coefficient
D = 10, voltage U = 5.285 kV, wave number a = 4.9,
B = 1000 and P = 20 Pa (=(σ ) = 0.103). The contour
values decrease from black to white color.

kind of oscillatory result also supports the general view inwhich the plasma sheath is not stationary; in fact movingthrough the tip of the electrodes.A series of two dimensional density and potential con-tours on (r − z) plane are shown in Fig. 2. Note thatthe potential lines of the φ function are in the order of
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kV. In the potential contour, there exist parallel constantpotential lines which have lower values toward the outerelectrode. A wavy appearance in the contours can be ac-ceptable because of an oscillatory behavior of the plasma.We refer to [27] for the detailed dynamics of these con-tours in terms of tokamak plasma. For lower values of
=[σ ], island-type particle densities which are found in theabove reference can not be observed, however the particledensities become island-type when =[σ ] > 0.1 is fulfilled(see, for instance, Fig. 3). The contours of the electronand ion densities are similar to each other, giving maxi-mal values at r = 1/3 and r = 1. Contours of densitiesare seen parallel to constant potential lines. The positionof maximal and minimal contour lines of Ne and Ni aresimilar to each other. Whereas the positions of maximaland minimal densities of Na are different from those of Neand Ni (i.e maximal density values of Na contour plot areat r = 0 and r = 2/3).In the case of a relatively higher diffusion coefficient,
D = 10, we show the same type of plot (Fig. 3). The par-ticle densities with island-types are observable for thisparameter set. Note that the island-type densities andpotential contours can be clearly obtained for the pres-sure and voltage values (P,U) which are higher then thecritical values (Pc, Uc). In other words, the higher are the(P−Pc, U−Uc) values, the higher are the imaginary partof the growth rates. It is easy to define the distance tothose critical values for a given parameter set by using alinear analysis. One contribution of this study is to con-struct the linear stability regions in terms of parametersets. For the case in Fig. 3, =(σ ) = 0.103 is obtainedfor those parameters. Wavy potential lines and islandsare clearly seen in this figure. Note also that the densitycontours of the particles also change dramatically sincethe local higher and lower contours differ from the casein Fig. 2. Asymmetry between electron and excited atomdensities are preserved as well.Fig. 3 also gives interesting information on the spatialdistribution of particles in the sense that the densities in-dicate maxima and repeat themselves along the z− axis(i.e. anode). Such kind of behavior has also been obtainedin a recent numerical study of Yordanov et al. [4]. In theirMonte-Carlo simulations, they have found that the elec-tron densities in the inter-electrode area of a PF give anumber of maxima along the inter-electrodic space in thebreakdown and post-breakdown (axial) phases.The linear thresholds are shown in Fig. 4a. We findtwo representative curves for two different B parameters,namely B = 1000 (bottom) and B = 3000 (top). Note that
B is one of the constants under the given conditions and itcan be empirically determined for a PF. It is clear that thethreshold increases dramatically by increasing B as seen

Figure 4. (a) The variation of the critical voltage Uc as a function
of the PF pressure P (i.e stability curve) in the cases
B = 3000(top) and B = 1000(bottom). (b) The correspond-
ing critical wave number ac for the plasma pattern as a
function of pressure P in the cases of same B notation.
D = 1 for both of the graphs.

in Fig. 4a. Another point is that the linear threshold curvebecomes narrow when B becomes higher. Strictly speak-ing, the minimal points of these two curves correspond tothe pressure values of P = 200 Pa and P = 220 Pa for theupper and lower curves, respectively. For a more detailedpicture, see Table 1.
The corresponding critical wave numbers (ac) as functionof PF pressures are represented in Fig. 4b. Trends ofthese curves are similar to each other for different valuesof B, however the wave numbers become higher when the
B parameter increases. For the lower pressures, ac startsto increase up to a maximum value. At a moderate pressure
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Figure 5. (a) Variation of the wave number a as a function of initial
voltage U in the cases P = 50 Pa, 100 Pa and 200 Pa.
(b) Variation of the wave number a as a function of the PF
pressure P in the cases U = 0.75 kV, 1.5 kV and 2.5 kV.
Diffusion coefficient is D = 1.

of PF, it gives a maximal value, then it starts to decreasefor higher pressures as in Fig. 4b.Apart from aforementioned critical values, we also look forthe variation of the pattern wave number a as a function ofinitial voltage U . Such a graph is given in Fig. 5a for var-ious values of gas pressure. It is clear from the graph thatthere exists no solution below a certain voltage value foreach pressure rate. It is reasonable in the sense that theformation of plasma in the inter-electrode space can notbe observed for every U voltage value. Furthermore whenthe pressure of the system is increased, one needs highervoltages in order to form a plasma pattern. Note alsothat the relation of voltage and wave number indicates aparabolic shape for increasing pressure (i.e. U ∝ a2).In Fig. 5b, the variation of wave number as function of

Table 1. Some critical parameters for the formation of plasma pat-
tern. Diffusion coefficient is D = 1.

Pressure (Pa) B = 1000 Pressure (Pa) B = 3000
Uc (kV) ac Uc (kV) ac25 4.699 3.468 110 14.975 7.317100 2.670 5.417 140 12.368 7.073200 2.609 4.422 220 11.084 6.307340 2.652 1.976 300 11.595 5.764400 2.732 0.602 400 12.909 5.411

pressure is shown for various U values. The variation of
a is noteworthy since it determines a pressure range forcertain U initial voltages. In other words, a PF can workunder a certain range of pressure values. This pressurerange is, for instance, between 20− 48 Pa for the voltageof U = 0.75 kV. However, when the voltage increases,the usable pressure range also gets larger as seen for
U = 2.5 kV. According to this result, it can be stated thatif one wishes to work at a large pressure interval, in thiscase higher voltages should be applied to a PF.
4. Concluding remarks
The linear stability of a PF system is investigated theo-retically in a 2-D framework. It is found that the linearthreshold for the plasma formation between the electrodesof such a device is sensitive to initial parameters such asthe voltage, pressure and structural constants. The pat-tern characteristics are considered by means of the wavenumber which is found to be dependent on the pressure,applied voltage and structural constants. Depending onthe structural constants, the threshold for critical voltagechanges from the order of Uc = 2.5 kV to Uc = 11 kV byincreasing B. In addition, the wave number of the patterndetermines certain pressure intervals for any given voltage
U . We suggest that our model can be applied to any PFdevice in order to optimize them. Strictly speaking, oneshould adjust the appropriate initial voltage depending onthe pressure intervals for experiments in order to observean accelerated plasma pattern.
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